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ABSTRACT: A simple model is introduced to describe the dynamics of physically cross-linked networks in
which junctions are sufficiently weak to break and recombine in thermal fluctuations. The time-evolution
equation under arbitrary macrodeformation is derived for the creation and annihilation of the junctions—and
hence for the number of elastically effective polymer chains with a fixed end-to-end vector. We focus our
attention specifically on the unentangled networks in which the molecular weight M, between neighboring
junctions is smaller than the entanglement molecular weight M., so that each chain obeys Rouse dynamics
modified by sticky trapping centers rather than reptation. Stress—strain relation under shear and elonga-
tional deformation is detailed for a model network which is made up of polymers of uniform length with
associating functional groups at their chain ends. On longer time scales than the junction breakage time,
the total number of effective chains decreases with time—resulting in an intranetwork flow.

1. Introduction

In most polymer blends or solutions of practical interest,
polymer chains carry specific groups interacting with each
other by associative forces capable of forming bonds, and
hence a description in terms of van der Waals type
interaction—or x parameter in lattice-theoretical termi-
nology—is insufficient. These forces include hydrogen
bonding, ionic association, stereocomplex formation, cross-
linking by the crystalline segments, and solvent complex-
ation. In most common cases the bonding energy is
comparable to the thermal energy, so that the bond
formation is reversible by the change in temperature or
concentration. Thermodynamics of network formation
and multiphase competition were studied by the present
authors!? to describe phase behavior peculiar to the
polymer fluids interacting via specific associating forces.
The present paper concerns dynamic properties of the
thermoreversible networks (or physical gels) to study
enhanced viscoelasticity due to the presence of the
temporal junctions.

There has been an accumulation of evidences that
networks with reversible junctions exhibit highly enhanced
viscoelastic properties which are quite different from
ordinary polymer melts. Typical examples of the exper-
imental studies can be taken from biological macro-
molecules® in which networks are formed by hydrogen
bonding. It turned out that a mechanical spectrum of
dynamical moduli does not show any softening in low
frequencies but is rather insensitive over a wide range of
frequencies covering from 1072 to 102 rad/s and also that
relaxation of stress does not seem to obey a simple
exponential decay but is rather well described by a power
law.* It was also found that the complex viscosity is in
most cases larger than the stationary viscosity when
compared at the frequency which is the same as the
stationary shear rate, thus suggesting a failure of the Cox—
Merz rule.

Another example in current research is that of ther-
moplastic elastmers®’ in which synthetic polymers are
cross-linked by specific associating groups. These include,
in addition to the hydrogen bonding, charge (electron)
transfer, ion pairing, acid-base interaction, dipole—
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aromatic ring interaction, and coordination with metallic
ions. They range from strong ionic interactions to weak
dispersive interactions. Viscoelastic measurements of ion-
omers,? for instance, revealed the following three char-
acteristics: the glass temperature is increased due to the
reduced mobility of a polymer chain as a result of the
physical cross-linking, the rubbery plateau is extended,
and a high-temperature mechanical loss appears due to
the breakage and reorganization of the cross-links. Despite
the vast amount of experimental data, no systematic
theoretical study on the dynamics of reversible networks
has been reported so far.

To get an idea of the dynamical mechanical properties
of physically cross-linked networks, one must realize that
there are two clearly distinct categories—that is, entangled
networks and unentangled networks. In an unentangled
network in which the average molecular weight M; of a
chain connecting the two neighboring temporal junctions
is smaller than the entanglement molecular weight M.,
the major part of the stress is sustained by the elastically
active chain strands spanning the junctions, while in an
entangled network in which the opposite relation M, >
M, holds, localized entanglements play a role apparently
similar to the cross-linked junctions.

The first systematic study on the reversible networks
was the transient network theory developed by Green
and Tobolsky,® in which stress relaxation in rubberlike
polymer networks was treated by the kinetic theory of
rubber elasticity suitably extended so as to allow for the
creation and annihilation of junctions during the network
deformation. In order to ensure a wider range of appli-
cability, some arbitrary assumptions in their theory were
later removed by Lodgel® and Yamamoto!! with the
intention to apply it to the entangled melts!2 (rather than
the reversible networks). In their studies, to describe the
observed viscoelastic properties of ordinary polymer melts,
localized entanglements were regarded as the temporal
junctions which can be created and destroyed during the
macroscopic deformation. Because of the lack of detailed
knowledge about the molecular mechanism of junction
generation (onset of entanglements), their theories, how-
ever, remain semiphenomenological.

Another stream of study of temporal networks concerns
a model network whose history involves cross-links added
inacertain stage, a part of which are subsequently removed
80 as not to be present in the final stage of deformation
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Figure 1. Model network made up of polymer chains with sticky
end groups. A dangling end is shown by the open circle.
(addition—subtraction network). On the basis of such a
model composite network, Flory!® calculated the stress
relaxation, finding that it obeys slow dynamics including
a logarithmic dependence o(t)/a(0) ~ 1/8t log 8t, which
is closer to a power law rather than an exponential. Flo-
ry’s intuitive argument was later confirmed by Fricker!4
with minor modification through a replica calculation.
Owing to the rather arbitrary assumption about chain
creation and annihilation, the addition—subtraction net-
work model provides no firm molecular base to describe
the real physical gels.

Dependence of the final network properties on its
construction history including more than two steps was
elucidated by Baxandall and Edwards!® starting from the
first principles of statistical mechanics. Inthespecial case
where cross-links are successively introduced into a basis
network in different stages of strains (a multiadditional
network), explicit results on the elastic free energy and
the structure factor were derived.

In this paper, and subsequent ones, we consider dynamic
properties of physical gels in the unentangled regime. We
propose a new type of transient network theory to ensure
a molecular picture which is suitable to describe real
networks in which cross-links are actually generated and
destroyed. We find a specific form of the junction
generation function, which is dependent on the number
of active chains present at the moment of linkage—and
hence dependent on the macrodeformation at the same
moment. Stationary viscoelasticity, dynamic linear re-
sponse, stress relaxation, and transient phenomena in-
cluding stress overshoot are explored in this series of
papers. The relation to the Flory’s work is also discussed.

2. Models of Transient Networks

The model we consider in this paper is a network made
up of n polymer chains with uniform molecular weight M
(or the number of monomers N), each connected to the
junctions through sticky functional groups attached on
both ends (see Figure 1). Junctions comprised of an
arbitrary number of chain ends are allowed. We assume
M <« M., so that the effect of the external force can spread
over the entire network through the junctions without
any topological hindrance. There are two kinds of chains
in the network: elastically active chains and dangling
chains. A chain whose both ends are connected to the
separate junctions—shown by filled circles in Figure 1—is
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called an elastically active (or effective) chain because
stress is transmitted from one junction to another along
this chain, while a chain with either end attached to any
junction—shown by a open circle in Figure 1—is called a
dangling chain because it is almost free from the effect of
external forces. (The stress transfer by a dangling chain
is made only through friction with its surrounding chains,
which is negligibly small compared with that made by the
deformation of active chains under the unentangled
assumption.) :

If one end of an active chain snaps from a junction due
to thermal motion or a tension caused by the external
force, the chain relaxes into an equilibrium state and
becomes dangling after a lapse of the single-chain relax-
ation time 7 (which is on the order of a Rouse relaxation
time). It is the change in macroscopic properties of the
network on a time scale slower than 7 that is the concern
of this paper.

2.1. Chain Distribution Function. We start from
the assumption that viscoelastic properties of our network
onaslower timescale than 7 are controlled by the elastically
active chains. The first thing we must do is to derive a
time-evolution equation for the number of active chains
under a macroscopic deformation.

Consider a time-dependent deformation described by
the tensor A(t), which is exerted on the network at time
t = 0 and evolves with arbitrary time dependence. In
order to derive a dynamic equation on a time scale larger
than 7, let us choose a time interval At, which is small
enough from a macroscopic point of view but still larger
compared to 7, and let us divide the continuous time into
discrete steps by using this unit At such that the jth time
isgivenbyt;=jAt (j=0,1,2,..). Thedeformation tensor
A(t) can be transformed into a product of small successive
deformations

Ao =% @1

J=1
where the jth deformation -}j is defined by
Consider next the chain distribution function F,(x,) which
is defined by

the number of elastically effective
chains whose end-to—end vectors fall
on the small volume (r,, r, + dr,)
after nth deformation @23)

The total number », of the chains which remain active is
then given by

F,(r,) dr,

va= [dr, Fy(r,) @2.4)

In order to define our problem clearly, we introduce two
fundamental assumptions on the chain configuration at
this stage:

(i) All chains are Gaussian in the stress-free state.

(ii) An end-to-end vector of any active chain deforms
affinely to the macroscopic deformation tensor.

Both of these assumptions could be removed by intro-
ducing a more realistic chain model appropriate todescribe
large deformations and also by considering the fluctuation
in the junction position. These are outside the scope of
the present paper.
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DEFORMATION

Figure 2. Internal reorganization of the transient network
induced by a macroscopic deformation. Chains suffering from
high tension snap from the junctions and form dangling ends,
while some dangling chains catch sticky junctions in the course
of thermal movement.

By assumption ii we have
X, =Y, T, = .. = AT, (2.5)

where rg is a chain vector in the initial state. Next we
consider the change in the number of active chains in a
small interval At after the ith deformation #; is given to
the system (see Figure 2). Conventional affine network
theory!6 for a network with permanent cross-links assumes
that the number of chains is conserved; that is

In our temporal network, however, active chains are
temporarily created and annihilated, and, as a result, the
number of chains with a given end vector is a function of
time. In order to consider how an active chain is broken
into a dangling one, let us consider the tension along the
chain., Itseems plausible to suppose that either end of the
chain snaps from the junction to which it is attached as
soon as the tension supported by the chain exceeds a critical
value. This critical value is related to the strength of the
junction and hence the free energy Af of the bond
formation. Since the tension is proportional to the end-
to-end distance in a Gaussian chain, it follows that there
should be a critical end-to-end distance r* above which an
active chain snaps from the junction. This distance —
cutoff length—is proportional to exp(Af/ksT). An active
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chain, whose end-to-end distance |r| lies below r*, still has
the probability to break by random thermal motion at the
very moment when the fluctuation due to the Brownian
movement concentrates by chance to the extent that its
instantaneous tension exceeds the critical value. Let 8(r)
be the probability per unit time for such an event to occur.
It is a steadily increasing function of r and called the chain
breakage probability in the conventional transient network
theory.>1! The number of chains which remain active
after v; is therefore reduced to

6(?*‘?){1 R ﬁ(r;')M]Fi,.]_(ri.‘l) dl.';-_l (2»7)

for our temporal network.

Wenext consider the molecular process of how an active
chain is created. A dangling chain, after relaxing into the
equilibrium state, can capture one of the junctions in its
neighborhood by its reactive dangling end (see Figure 2).
Let p be the recombination rate—that is, the probability
per unit time for such a recombination to take place. The
number of active chains An; produced during the time
interval At in the ith step must be proportional to the
number of the dangling chains; hence, we have

An; = pAt(n—w) (2.8)

because there are a total of n — »; dangling chains in this
stage. Since each dangling chain is Gaussian, the number

Anfy(r) dr; 2.9)
of active chains is generated in the volume (r;, x; + dr;),

where
() 2
fole) (21Na2 = 2Na®

is a Gaussian chain distribution, whose average end
distance is given by (r?)o=Na2. The probability p depends
on the molecular weight of the chain, temperature, and
reactivity of the end groups.

Putting (2.7) and (2.9) together, we finally come to a
recursion relation

Fy(r;) dr; = 0(r*-r)[1 - B(r)At1F, ,(r; ) dr;, +
Anfy(r) dr; 2.11)

from which our theory starts. This equation relates the
chain distribution function at an arbitrary stage to one a
step earlier. By iteration we can express it in terms of the
initial distribution.

2.2. Imitial Value Problem. Iterating the recursion
relation from the first step to the nth, we find a relation

(2.10)

Fo(x,) dr, = §,,F(xp) dry + ) 5, Anjfo(r) dr;

=1

(2.12)

where {,; is defined by

i = [ JOr*-rpI1 - Brpat) 2.13)
J=i

This relation gives the chain distribution function at an

arbitrary step under a given initial distribution.

We next take the At — 0 limit to obtain the continuous-
time counterpart of this relation. The discrete time n is
replaced by the continuous one defined by ¢t = nAt, and
we have a time-dependent distribution function F(r,t)
instead of F,(r,). The limit leads to the equation

F(r,t) dr = e(rpt;roso) F(roro) +
flowtx t) mt) for) dr' (214)
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where the two-point function © is defined by

o(rtr't) = [llm H()(r*—r )] exp[- f B(r,. ) dt”]
(2.15)

This function provides the survival probability—that is,
the probability for a given active chain with »’ at time ¢’
to remain active until time ¢ when it has an end vector r.
The front factor has arisen from the existence of a cutoff
length. In the following we absorb it into 8 by taking 3
to include a term —[In 6(r*-r. )]/ 7, so that it diverges as
soon as the end distance exceeds r*. Thanks to the affine
assumption, ris related uniquely to r’ through the equation

r= AN (2.16)

The first term in (2.14) therefore gives the number of chains
which, being active in the initial state, survive until time
t. The function m(t) in the second term of (2.14) is the
number of active chains created in a unit time:

An
m(t) = lim — = p(n - »(t)) 2.17)
at—0 At
This term therefore gives the number of active chains which
are created at time t’ with end-to-end vecotr r’ and remain
activeuntil¢. Sincethisterm depends onthe space integral
of F(r',t') through »(¢"), (2.14) is not an explicit solution
of the initial value problem, but it gives rather an integral
equation for F(r,t).

2.3. Differential Equation. In order to find the
differential equation equivalent to this integral expression,
we next consider a short time interval between ¢t and ¢ +
At. Since the end vector r is mapped onto r’ =
)\(t+At) A(t)"Lr during this small interval, the difference
Ar = r’ — r takes the value

Ar = A(¢)-rAt (2.18)

to first order in At, where the tensor A(t) is defined by
A(t) dA@)/dt)-A@®)1. Inother words, the rate of change
v in the end vector per unit time is given by

v=A@)r (2.19)

The recursion relation connecting the distribution function
at ¢’ with the one at ¢, when expanded in powers of At,
gives a differential equation

BP0 = G- B0 Fet)  (220)
The first term G on the right-hand side describes the
change due to the creation of active chains; it is called the
chain generation function. It is given by

G(xr,t) = m(t) fo(r) = p(n - »(£))fo(r) (2.21)

The second term describes the decrease due to junction
breakage; 8 is called the chain breakage rate. Equation
2.20 is the same as the one derived by Yamamoto!! for an
entangled melt but differs fundamentally in that our
equation includes a chain generation function depending
on the number of active chains »(¢)—and hence the space
integral of F(r,t)—at the very moment when chains are
created. Infactit provides anintegrodifferential equation
for F(r,t).

2.4. Imitial Equilibrium Distribution. In the fol-
lowing we consider an aged system—that is, a network
which is kept quiescent with no external perturbatlon for
a sufficiently long time, so that it remains intact in an
equilibrium state. Since dF/dt = 0 and A(t) = 0 by
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definition for an aged system, (2.20) gives a balance

pn- V())fo(r) = B(r) F(x,0) (2.22)

for the initial distribution, where vy = [F(r,0) dr is the
number of active chains in the initial equilibrium. This
balancing condition requires that F(r,0) must be propor-
tional to fo(r)/B(r). Correct normalization gives F(r,0) =
vof (r,0), where

f(x,0) = fy(x)/ B (2.23)
with
_ fo(r)
= [ 50 O 2.24)

being the normalization constant. The initial distribution
is therefore not Gaussian if the chain breakage rate 8
depends on the end-to-end distance. Substituting this
form for f into (2.22), we find

pé o
1+ p&,

Among the total n of the chains forming the network, the
fraction p{o/(1 + p{o) turns out to be active.

(2.25)

V0=

3. Number of Active Chains

To get an idea of how an aged network evolves under
a macroscopic deformation, let us first consider the time
development of the number of active chains, Spatial
integration of (2.14) gives

W) = v() +p NI -ve) A (B.1)

where

va(t) = [Or,Er,,0) Fr,,0) dr, 3.2)

and

(et = for b ) for) dr 33)

The first term p;,(¢) gives the number of chains which
were initially active and remain active until time ¢.
(Subscript in indicates that it depends on the initial
distribution.) Itistherefore asteadily decreasing function
of the time, vanishing at t = » in most cases. (Itcanreach
a finite value at t = = when the chain breakage rate 3(r)
vanishes in a certain finite region of r. The detailed vis-
coelastic properties of a network falling into this category
will be studied in a subsequent paper in this series.) The
function {(¢;t") gives the survival probability averaged over
the distribution at the creation time ¢’ (Gaussian chains
are created); it is a function of the time difference ¢ — ¢/
provided that the deformation tensor has translational
invariance in time. By differentiating (3.1) with respect
to time, we find

d d d

d_: = (d_:)gen + (d_:)des (34)
where

(%)gen = pln - v(t)] 3.5)

is the number of active chains generated in a unit time,
and

dy, _ ¥ 18(t;t")
(dt des~ At T fo at
is the number of active chains which are destroyed in a

[n-»(t)] dt (3.6)
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unit time. (Note that a¢(¢;t)/dt < 0.)
The solution of the integral equation (3.1) can easily be
found by the method of Laplace transformation. Let

vy = [ e tu(e) dt 3.7
be the Laplace transform of »(t). Equation 3.1 then gives

- npks) + s7,,() a8
YO ST PR ¢

in the Laplace space. It should be mapped back onto real
time by using the explicit form of the initial distribution
for an aged system. As far as the stationary viscoelastic
properties are concerned, however, it is sufficient to find
a solution at ¢ = . The simple pole at s = 0 gives

npt(0)
(t = ») = m 3.9

for the number of active chains which is reached after
infinite time. (#i,(0) has been assumed to be finite, because
it is a rapidly decaying function.) Similarly we find that
the number of active chains generated in a unit time is
given by

7(5) n- s;in(s) (3.10)
m(s) = p—— .
Psti+ pten
and hence we have for the steady state
=) = np
m{t=w) = —F— (3.11)
(t==) 1+ p{0)

4, Stress-Strain Relation

We next study how physical properties change with time.
Let ¢(r) be an arbitrary scalar quantity associated with
each chain having the end vector r. For instance, the
elastic free energy stored in a single chain is an important
quantity to be considered. It takes the form

b(r) = 3;2; 2 4.1)

for a Gaussian chain with N statistical units. Since we
have F(r,t) dr active chains at time £, time development
of such a physical quantity can be found by integration:
®(t) = fdr ¢(r) F(r,t). Substituting into (2.14), we find

B(t) = 8,() + p [, - vt (4.2)

where the two functions

8,(t) = [6(r) O(r,t;r,,0) Fro0 dr,  (4.3)

and

stt) = o O L) fux) Ay (44)

are defined in a manner similar to those for the number
of chains. The physical meaning of each term is obvious.

In order to study the network properties we assume
here, as in the conventional transient network theory,? !
that the free energy of the entire network is given by the
sum of the free energy stored in each individual chain and
the internal energy caused by the molecular interactions
between the chain segments. The latter is assumed to
depend only on the density p of the segments. It is
proportional to nN/V(t), where V(¢) is the instantaneous
volume of the system at time t. The volume change under
deformation is given by V(t) = VyA(t)| in terms of the
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initial volume Vj and the determinant of the strain ten-
sor. This assumption leads to the total free energy

Byypai(t) = B(t) + E(A()) (4.5)

where E represents the internal free energy due to the
chain interaction.

The stress tensor corresponding to a given deformation
A(?) is readily derived by differentiation

2@t) = lim [®5,,((1 + A)-N) - &, (A)]-A
A0
which explicitly gives for our transient network

(r'r),
r2)0

S = [ dr ("’( ))r rF(rt) - Pl =
(4.6)

where (r'r), is the instantaneous average of a dyadic rr
at time ¢, and P is the isotropic pressure. (Superscriptt
indicates the transpose of a vector.) The pressure term
Pl comes from the internal energy. Substituting the
integral form for F(r,t), we find

$(t) = £, + p [ 5(t;t)n - v(t)] dt’ - P %))
for the time development of the stress tensor, where

P

2:in f(¢ (r))r re(r!t r(),o) F(ro,O) dl'o 4.8)

is the stress sustained by the initially active chains, and

o(t;t)) = f(¢ (r))r ro(r,t;r't) fox) dr’  (4.9)

is the time propagator for the stress survival. In the case
where there is translational invariance in time, we find
the solution in the Laplace space

S(s) = £,(5) + m(s) a(s) - P(s)1 (4.10)

with m(s) being given by (3.10). The stationary stress
reached in the t — « limit is then given by

—pn__- =
T+ §_(O)tr(O) Pt )1 (4.11)

The isotropic pressure stays constant under a volume-
conserving deformation A(t) for which |JA(¢)| = 1 holds, but
there should be a coupling between the chain elasticity

and the segment interaction when the volume is not
conserved during the deformation.

Sit=x) =

The stress tensor in (4.11) provides the most general
starting equation for the study of stationary viscoelas-
ticity. For instance, if one considers a simple shear flow
with constant shear rate for which the deformation tensor

is given by
A 14t 0
A®) =101 0 4.12)

00 1
(7 being the constant shear rate), we have A(t)-r = (x +
vyt, ¥, 2) and hence
F0) = f.7dt expl- [ BLL(x + yyt)? +y* + 2112 dE))g
. 13)

foranisotropic chain breakage rate for which 5(r) depends
only on |r|. The stationary shear viscosity defined by 7~
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(y) = 2,,(=)/v is then explicitly given by the formula

y=—2L0 5 (© 414
W = T pran @19
where
5, (0) = %’ZTT f7dt ((x + qyt)y expl= [ BLIG: + 7y¢)? +
LA

y?+ 221112 de1), (4.15)

Similar formulae can be found for a uniaxial elongational

flow for which
e—ét/z 0 0
A = (0 e?? 0 ) (4.16)
&t

0 0 ét

(¢ being a constant elongational rate). A detailed study
on the viscosity and normal stresses for specific models of
the chain breakage rate 3(r) will be reported in the next
paper in this series.

5. Linear Response of the Transient Network

Stress measurements against small deformation have
frequently been used to probe the viscoelasticity of physical
gels in a linear regime.*® We consider in this section the
linear response of our model transient networks to small
oscillatory strains. To find the dynamical moduli, let us
suppose that a small oscillatory deformation

0=t (6.1)

isgivento anaged network. Forinstance, the infinitesimal
tensor ¢ takes the form

Sy =1+c¢esinwt

0e¢0O
¢ =000 5.2)
000
for a shear deformation and
-€/2 0 0
e =10 -€/2 0 (5.3)
0 0 €

for an elongational deformation along the z direction.

To find the stress reached after a lapse of the transient
process, we have to pick up the secular terms included in
(4.7). A secular term is a term which remains oscillating
without decay in the long-time limit ¢ — . The first term
Zin(t), which carries a memory of the initial distribution,
eventually decays as time goes on. The number of active
chains »(¢') in the second term can be replaced by the
stationary value »(=) given by (3.9) as far as the long-time
limit is concerned, which, for a small deformation, turns
out to be

w(®) = vy + O() (5.4)

when expanded in powers of ¢, provided that the breakage
rate Bisisotropic. Carryingoutthe integral and discarding
the decaying terms, we find the steadily oscillating stress
in the linear regime. For instance, the shear deformation
gives

2,,#) = enkTlg;(w) sin wt + gy(w) cos wt] + 0(é)
(6.5)

for the shear stress, where the functions g; are defined by
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1 [ o [1_ 2rg’ ]> 5.60)
0

G \BE + DL 5+ o))

1 wr? [ (w? - ﬁz)rﬁ’] >
= 1+
&) 3'0("2)0<62 + o 58(82 + wid [

(8’ being the derivative of 8). The shear storage modulus
G’(w) and loss modulus G”(w) are therefore given by

g1(w) =

(5.6b)

G'(w) = vk Tgy(w) (6.7a)

G (w) = vphTgy(w) (5.7b)

The second term in g; gives softening of the storage
modulus due to the increase of the chain breakage rate at
higher stretching, while that in g; changes its sign at w =
B, giving inhomogeneous correction to the loss modulus.

Similar calculations for the elongational deformation
prove that elongational moduli are exactly 3 times larger
than the shear moduli for all frequencies.

Although a detailed examination of these formulae will
be discussed in a subsequent paper, a few conclusions,
irrespective of the specific form of 8(r), are immediately
available from these expressions:

(1) Dynamical moduli depend on the chain generation
rate p only through the initial number »y of the active
chains.

(2) Nonuniform dependence of the chain breakage rate
on the end distance crucially affects the mechanical moduli,
leading to the deviation from the conventional form for
the superposition of the Maxwell elements, each having
the relaxation time 3(r)..

(3) There is no obvious reason for the dynamic viscosity
n{(w) obtained from the dynamic moduli by the relation

G”(w) G’(w)2+ G//(w)Z 1/2
s g [0 2000

nw) = or

to agree with the stationary viscosity ns(y) found in the
preceding section (eq 4.14) when it is compared at the
frequency w which is the same as the shear rate y. (The
two agree at w = ¥ = 0 as they should.)

6. Nonlinear Stress Relaxation

Another frequent experimental measurement concerns
the long-time behavior of the stress after a sudden
deformation followed by constant strain. To find a
fundamental formula for the stress relaxation, we consider
a stepwise deformation

A(t) = () 6.1)

given at t = 0 on an aged network, where A is a constant
strain tensor. The number of active chains changes
according to (3.1), but under such a stepwise deformation
the initial term takes the form

v e-ﬁ(|X-r1)t>
() =2 6.2
in6) o< 8 lo ©2)

while the survival function is given by

() = (ePOEDy for 0<t/ <t (6.3)

If we consider a particular limiting situation where the
chain breakage rate takes a constant value 3y independent
of the end distance, the network has a single relaxation
time 3oL, so that the number of the initially active chains
decreases according to the exponential law, while the total
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number vy of active chains remains constant. In more
realistic cases where 3(r) is a steadily increasing function
of r, however, the system has a mechanical spectrum of
the relaxation times:

H() = <5(7_B(Ix'rl)—l)> (6.4)
veT B(r) 0 '

may lead to a nonexponential relaxation depending on
the detailed form of 3(r). The long-time decay of stress
can be derived from (4.7). The stress supported by the
chains which are initially active decays according to the

law
3y, kTA e—ﬁ(IX-rl)t .
() = Ay () B (6.5)
&l By 1o

which has the same spectrum as (6.4). The superscript
“t” on the left shoulder of a physical tensor (or vector)
indicates its transpose. Therefore, as pointed out by Ya-
mamoto,!! our model is similar to the phenomenological
Mazxwell model with multiple relaxation times, each cor-
responding to the reciprocal of the chain breakage rate.

The second and third terms in (4.7) have no effect on
the stress relaxation because both terms have the same
value in the diagonal elements and have no off-diagonal
element. Specifically the stress survival function takes
the form

ot;t)) = oy(t-tH1 (6.6)
with

kT _
ag(t) = ——(r’e?), (6.7)
{r)o
For each specific deformation A, we can find a detailed
description of the stress relaxation function. Forinstance,
for a shear deformation

120
A =1l010 (6.8)
001
we have
0 T e[—ﬂ((x+>\y>2+y2+z2ml/2
@)= 3 (x + Ay)y (6.9
ol B(r) 0

A detailed examination on the shear and elongational
deformation will, however, be reported in a subsequent

paper.
7. Conclusion and Discussion

We have developed a dynamical theory of a physically
cross-linked network in the unentangled regime. The
simple model introduced here has a main advantage in
that it provides a clear molecular picture for the internal
reorganization of the network structure in terms of the
two molecular parameters: the chain breakage rate 8(r)
and the chain recombination rate p. This network model
permits calculation of dynamical properties—irrespective
of transient or stationary ones—by the combination of
these two parameters. The equation obtained for the time
development of the clastically active chains has some
elements in common with the conventional transient
network theory, but it is fundamentally different in that
it includes the chain generation function which depends
on the instantaneous total number of chains and hence on
the time history of the macroscopic deformation from the
initial state to the very moment considered.
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In order to find how these two parameters depend on
molecular characteristics such as the molecular weight of
the polymer, chain stiffness, or strength of the associating
force among the end groups, analysis of single-chain motion
in the network is required. In the unentangled regime
considered here, the motion of a single chain basically
obeys Rouse dynamics, properly modified by sticky
trapping centers distributed around it. The terminal
relaxation time—which can be represented by 8(r=0)"1—is
hence expected to be proportional to 7.M?, where 7, is the
lifetime of a bond formed between the reactive groups
which are not attached on the polymer chains.!’

We next briefly discuss the relation between our
recursion relation for the elastically active chains and Flo-
ry’s addition—substraction network theory.!34 InFlory’s
theory a part of the initially introduced cross-links (hence
active chains) is removed after the first deformation v,
and some new Junctlons areintroduced. The total network
is then deformed in accordance with another tensor ¥.
The number of active chains changes from vofo(ro) drg to

F(x)) dr; = (v, - An)fy(xy) dry + pig(r)) dr; (7.1)

in the first step, where »; chains are added and An chains
areremoved. The distribution function g(x;) of the added
chain is not known at this stage. The end-to-end vector
r; is related to ro as r; = y;-rp from the assumption of
affineness. In the final deformation v, the number of
chains is conserved so that Fz(!'z) dr; = Fy(r;) dr; holds.
Since the total deformation is given by A = v4-y1, the free
energy of the network must be

Pretwork = fd’(rz) Fyxy) dr, = vy — An)[(X) +
Vlf o(ry) g(ry) dry (7.2)

where I(}) is the first invariant of the deformation X. Flory
proposed that this free energy should be given by

(= An + ¢n DIV + (1 - 9)n,I(¥y) (7.3)

where ¢ is a factor depending on the fraction of the added
chains relative to the total chains. His argument imme-
diately leads to the result

g(x)) dr, = ¢fy(ry) dry+ (1 - ¢)fp(x) dr;  (7.4)

The distribution of the added chains is a mixture of the
relaxed ones (fo(r1)) and the strained ones (fo(rg)). Inother
words, the network behaves as if a fraction ¢ of the chains
cross-linked in the relaxed state had been transferred to
the ones cross-linked under the strain vy;. The distribution
of the added chains partially preserves the memory of the
original network. In reality, however, chains to be
eliminated are not randomly chosen, but there should be
a selection rule; a chain which is stretched more has a
higher probability to break. Moreover, addition of cross-
links takes place where there is a functional group ready
to form a bond. In our model network, a chain with one
free end is released from strain to return to an equilibrium
configuration within the single-chain relaxation time 7, so
that, on a longer time scale than r, it loses the memory of
the effect of a strain it has suffered one step earlier. Thus
effect of the memory transfer has been neglected.

The model we proposed in this paper does not cover the
important regime where M, is much larger than M, so
that chain entanglements play essential roles in the
dynamics. In that regime we have, in addition to the
reversible bonds, effective junctions formed by the local-
ized chain entanglements which can persist longer than
the lifetime of the association. Starting from the tube
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model!8 of the entangled melts, molecular motion through
an entangled temporal network was studied by Gonza-
lez!? by introducing the concept of hindered reptation—
that is, reptation modified by the distribution of sticky
trapping centers around the confining tube. The work
has recently been reexamined and corrected by Leibler et
al.2in order to account for the observed longest relaxation
time in the model thermoplastic elastomers. Detailed vis-
coelastic properties in the entangled regime are, however,
still open to study.
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